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Spacetimes with horizons show a resemblance to thermodynamic systems and one can associate 
the notions of temperature and entropy with them. In the case of Einstein-Hilbert gravity, it is 
possible to interpret Einstein's equations as the thermodynamic identity TdS = dE + PdV for 
a spherically symmetric spacetime and thus provide a thermodynamic route to understand the 
dynamics of gravity. We study this approach further and show that the field equations for Lanczos- 
Lovelock action in a spherically symmetric spacetime can also be expressed as TdS = dE+PdV with 
5* and E being given by expressions previously derived in the literature by other approaches. The 
Lanczos-Lovelock Lagrangians are of the form L = Q a bcd R a bcd with V& Q a bcd = 0. In such models, 
the expansion of Q a bcd in terms of the derivatives of the metric tensor determines the structure 
of the theory and higher order terms can be interpreted quantum corrections to Einstein gravity. 
Our result indicates a deep connection between the thermodynamics of horizons and the allowed 
quantum corrections to standard Einstein gravity, and shows that the relation TdS = dE + PdV 
has a greater domain of validity that Einstein's field equations. 



I. INTRODUCTION 



There is an intriguing analogy between the gravita- 
tional dynamics of horizons and thermodynamics, which 
is not yet understood at a deeper level 0]. One possi- 
ble way of interpreting these results is to assume that 
spacetime is analogous to an elastic solid and equations 
describing its dynamics are similar to those of elastic- 
ity, (the "Sakharov paradigm"; see e.g., ref. 2]). The 
unknown, microscopic degrees of freedom of spacetime 
(which should be analogous to the atoms in the case of 
solids) will play a role only when spacetime is probed 
at Planck scales (which would be analogous to the lat- 
tice spacing of a solid). The exception to this general 
rule arises when we consider horizons Q which have fi- 
nite temperature and block information from a family 
of observers. In a manner which is not fully under- 
stood, the horizons link certain aspects of microscopic 
physics with the bulk dynamics just as thermodynam- 
ics can provide a link between statistical mechanics and 
(zero temperature) dynamics of a solid. If this picture 
is correct, then one should be able to link the equations 
describing bulk spacetime dynamics with horizon ther- 
modynamics. There have been several approaches which 
have attempted to do this with different levels of success 
IH [1 ■ The most explicit example occurs [f| in the case 
of spherically symmetric horizons in 4-D . In this case, 
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Einstein's equations can be interpreted as a thermody- 
namic relation TdS = dE + PdV arising out of virtual 
displacements of the horizon. 

This result was derived in the context of Einstein- 
Hilbert gravity arising from the Lag rangian L eh 
Ry/—g. But if gravity is a long wavelength, emergent 
phenomenon then the Einstein-Hilbert action is just the 
first term in the expansion for the low energy effective ac- 
tion. It is natural to expect quantum corrections to the 
Einstein-Hilbert action functional which will, of course, 
depend of the nature of the microscopic theory but will 
generally involve higher derivative correction terms in the 
Einstein-Hilbert action In particular, such terms also 
arise in the effective low energy actions of string theories 
7] . One such higher derivative term which has attracted 
a fair amount of attention is Lanczos-Lovelock gravity Q 
of which the lowest order correction appears as a Gauss- 
Bonnet term in D ( > 4) dimensions. We study the struc- 
ture of a general Lanczos-Lovelock type Lagrangian and 
the resulting equation of motion for a static and spher- 
ically symmetric spacetime, near a Killing horizon. We 
find that the equivalence of the equation of motion and 
the thermodynamic identity TdS = dE+PdV transcends 
Einstein gravity and is applicable even in this more gen- 
eral case. This remarkable result indicates that there is 
a deep connection between the thermodynamics of grav- 
itational horizons, and the structure of the quantum cor- 
rections to Einstein gravity. 

Our result requires fairly involved combinatorial ar- 
guments and detailed algebra. In order not to lose the 
physical picture, we have structured the paper as fol- 
lows: in the next section, we will briefly review the case 
of Einstein-Hilbert gravity to set the stage ,5j . In section 
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3 we will display an explicit calculation relating the equa- 
tion of motion for gravity with a Gauss-Bonnet correc- 
tion term (the simplest non-trivial example of Lanczos- 
Lovelock gravity) with thermodynamic quantities. In 
section 4 we will generalize the result to Lanczos-Lovelock 
actions with all the terms allowed for a given number of 
dimensions and discuss the implications in section 5. 



II. THE EINSTEIN-HILBERT CASE 

Consider a static, spherically symmetric spacetime 
with a horizon, described by the metric: 



ds z 



-f(r)c 2 dt 2 
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■dr 2 +r 2 dfl 2 . 



(1) 



We will assume that the function f(r) has a simple 
zero at r — a and that /'(a) is finite, so that space- 
time has a horizon at r — a with non-vanishing surface 
gravity k — f'(a)/2. Periodicity in Euclidean time al- 
lows us to associate a temperature with the horizon as 
ksT = hcnjl-K = Hcf'(a)/4:iT where we have introduced 
normal units. (Even for spacetimes with multi-horizons 
this prescription is locally valid for each horizon surface.) 
Einstein's equation for this metric, rf'(r) — (1 — /) = 
(87rG/c 4 )Pr 2 (where P is the radial pressure), evaluated 
at r = a gives 
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If we now consider two solutions with two different radii 
a and a + da for the horizon, then multiplying Eq. @ by 
da, and introducing a h factor by hand into an otherwise 
classical equation, we can rewrite it as 
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(b) In spite of superficial similarity, Eq. is differ- 
ent from the conventional first law of black hole thermo- 
dynamics, (as well as some previous attempts to relate 
thermodynamics and gravity, like e.g. the second paper 
in ref. |2|), due to the presence of PdV term. This rela- 
tion is more in tune with the membrane paradigm 9] for 
the blackholes. This is easily seen, for example, in the 
case of Reissner- Nordstrom blackhole for which P ^ 0. 
If a chargeless particle of mass dM is dropped into a 
Reissner-Nordstrom blackhole, then an elementary cal- 
culation shows that the energy defined above as E = a/2 
changes by dE = {da/2) = (l/2)[o/(a - M)]dM £ dM 
while it is dE + PdV which is precisely equal to dM 
making sure TdS = dM. So we need the PdV term to 
get TdS = dM when a chargeless particle is dropped 
into a Reissner-Nordstrom blackhole. More generally, if 
da arises due to changes dM and dQ, it is easy to show 
that Eq. © gives TdS = dM - (Q/a)dQ where the sec- 
ond term arises from the electrostatic contribution from 
the horizon surface charge as expected in the membrane 
paradigm. 

(c) In standard thermodynamics, we consider two equi- 
librium states of a system differing infinitesimally in 
the extensive variables like entropy, energy, and vol- 
ume by dS, dE and dV while having same values for 
the intensive variables like temperature (T) and pres- 
sure (P). Then, the first law of thermodynamics asserts 
that TdS = PdV + dE for these states. In a similar 
way, Eq. @ can be interpreted as a connection between 
two quasi-static equilibrium states where both of them 
are spherically symmetric solutions of Einstein equations 
with the radius of horizon differing by da while having 
same source T^- and temperature T — k/2tt. This for- 
malism does not depend upon what causes the change of 
the horizon radius and is therefore very generally appli- 
cable. Note that the structure of Eq. © itself allows us 
to "read off" the expressions for entropy and energy. The 
validity of this approach as well as the uniqueness of the 
resulting expressions for S and E are discussed at length 
in ref. [5| and will not be repeated here. 



and read off the expressions: 
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where Ajj is the horizon area and L 2 p = Gh/c 3 . Thus 
Einstein's equations can be cast as a thermodynamic 
identity. Three comments are relevant regarding this re- 
sult, especially since these comments are valid for our 
generalization discussed in the rest of the paper as well: 
(a) The combination TdS is completely classical and 
is independent of H but T cx h and S oc l/K. This is 
analogous to the situation in classical thermodynamics 
when compared to statistical mechanics. The TdS in 
thermodynamics is independent of Boltzmann's constant 
while statistical mechanics will lead to an S oc ItB and 
T tx 1/fcg- 



III. A FIRST CORRECTION: GAUSS-BONNET 
GRAVITY 



We shall now turn our attention to the more general 
case. (Hereafter, we shall adopt natural units, in which 
H = c = G = 1.) A natural generalization of the Einstein- 
Hilbert Lagrangian is provided by the Lanczos-Lovelock 
Lagrangian, which is the sum of dimensionally extended 
Euler densities, 
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where the c m are arbitrary constants and £ 
order Lanczos-Lovelock term given by, 
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where is the D-dimensional Riemann tensor, and the 
generalized alternating ('determinant') tensor <5 " is to- 
tally antisymmetric in both set of indices. For D = 2m, 
IGirCm" 1 ^ is the Euler density of the 2m-dimensional 
manifold. We set Cq = 1 and hence, Cq is proportional 
to the cosmological constant. The Einstein-Hilbert La- 
grangian is a special case of Eq. JSJ when only c% is non 
zero. These Lagrangians are free from ghosts and are 
quasi-linear in nature (see the first reference in Q). 

In this section we will concentrate on the first cor- 
rection term, namely C 2 which is the Gauss-Bonnet La- 
grangian. In four dimensions, this term is a total deriva- 
tive while higher order interactions are simply zero; we 
will work with spacetimes for which D > 4. Then the 
relevant action functional of the theory is given by, 
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where R is the D-dimensional Ricci scalar; and Cgb is 
the Gauss-Bonnet Lagrangian which has the form, 



GB — 4K a hK + ri abcd K 



bed 



(8) 



This type of action can be derived from superstring the- 
ory in the low energy limit. In that case a is regarded as 
the inverse string tension and is positive definite. At least 
in this context, it makes sense to think of the second term 
as a correction to Einstein gravity. (We have not added 
a cosmological constant to the action for simplicity; all 
our results below trivially generalize in the presence of a 
bulk cosmological constant.) The equation of motion for 
this semiclassical action in Eq. @ is given by, 
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Consider again a static spherically symmetric solution of 
the form [ill . 
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where d£l 2 D _ 2 is the metric of the D — 2 dimensional space 
of constant curvature k. Here and below, we will work 
with the case of spherical geometry with k = 1, but all 
the results can easily be generalized for k 7^ 1. Spheri- 
cal symmetry allows us to write, in the energy momen- 
tum tensor O, T t * = T 7 r = e(r)/87r. Then the equation 



of motion which determines the only nontrivial metric 
component f(r) is given by |l3j . 



r/'-(^-3)(l-/) + -(l-/) (13) 

[2r/'-(Z>-5)(l-/)] = -j^r 2 

where a = (d — 3)(d — 4)<x Note that, D = 4 and a = 
refers to Einstein-Hilbert gravity and in this limit one 
can recover Eq. J2J). The horizon is obtained from the 
location of zeroes of the function f(r). In general f(r) 
may have several zeroes but we will concentrate locally 
on any one of them. Let r = a be a horizon for this 
spacetime with f(r = a) = 0, the temperature associated 
with this horizon being T = k/2tt = f'(a)/4w. As before, 
we evaluate Eq. (|14|) at r = a to obtain: 
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Our aim is to introduce in this equation a factor dV and 
see whether one can read off entropy S and energy E from 
an equation of the form TdS = dE + PdV. Knowing the 
volume element in the D dimensional space, we multi- 
ply both sides of the above equation by the factor (D — 
2) A D - 2 a D ~ A da /16tt, where A D _i = 2it D / 2 /T{D /2) is 
the area of a unit (D— 1) sphere. Identifying the pressure 
P = T r r and the relevant volume V = A D ^a D - x j{D- 1) 
we can rewrite this equation (after some straight forward 
algebra) in the form, 
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The first term in the left hand side is in the form TdS 
and our analysis allows us to read off the expression of 
entropy S for the horizon as, 
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This is precisely the expression for the entropy in Gauss- 
Bonnet gravity calculated by several authors [14J by more 
sophisticated methods. Further we can interpret the sec- 
ond term on the left hand side of Eq. i|15|l as dE where 
E is the energy of the system defined as, 
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which also matches with the correct expression of energy 
E for Gauss-Bonnet gravity without cosmological con- 
stant 0,111. 

This shows that our result for the Einstein-Hilbert ac- 
tion generalizes to the Gauss-Bonnet case as well and pre- 
cisely reproduces the expressions for entropy and energy 



4 



(obtained in the literature by other methods). It is clear 
that, at least in this context, the thermodynamic rela- 
tion transcends the Einstein field equations. We will now 
show that the same result holds for the general Lanczos- 
Lovelock action. 



IV. GRAVITY WITH THE COMPLETE 
LANCZOS-LOVELOCK ACTION 

We now turn to the more general case of Lanczos- 
Lovelock gravity in D dimensions with a Lagrangian 
given by C {D} = J2*= 



,Cm where: 
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We assume that D > 2K + 1 and ignore the cosmologi- 
cal constant for simplicity. These Lagrangians have the 
peculiar property that their variation leads to equa- 
tions of motion that are equivalent to the ordinary partial 
derivatives of the Lagrangian density with respect to the 
metric components g ab , 
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show that for the metric (|12fl . the Rindler limit gives, 
N 2 



°AB = CTmAB H f(l)AB + 0(N ) , 



N'- 



„AB AB iv AB \ (r\t Ari\ 



N 



K AB = a {1)AB + O(N') , 



(21a) 
(21b) 
(21c) 



where ct/uab = a "(i)ABi G(i)Ab being the metric on a 
unit (D — 2)-sphere, and (jff<J(i)cB = $b- 

Next we display the (near-horizon) structure of the D- 
dimensional Ricmann tensor. We will drop the super- 
script D when considering D-dimensional quantities, but 
retain the superscript for (D — 2)-dimensional quantities. 
It will turn out, for reasons that will become apparent 
shortly that the Riemann tensor components of the form 
i?** fc and R(i will not contribute to the E \ equation of 
motion. The remaining components of Rl, are, 

R^ A =nd N K A + 0(N 2 ) = 



°B 



0{N 2 ) 



r>NA 
tx 

r>BC 

tx 



K A 



BC 

\ a = 9nn{Ka' 



K A 

^-B-.C 



O(N), 



C:B 



O(N). 



R^ B D ^ {D - 2) R AB D + 0{N 2 ). 



(22a) 

(22b) 
(22c) 
(22d) 



where the colon denotes a covariant derivative using the 
(D — 2) dimensional metric o A b- Also, since the (D — 
2) dimensional hypersurfaces are maximally symmetric, 
their Riemann tensor R AB ^ takes on the particularly 
simple form 



The factor 1/2 with T£ appears since we have normalized 
Cm to contain a factor of 1/(16-71"). 

We are interested in the near-horizon structure of the 
E\ equation, for a spherically symmetric metric of the 
form Eq. 112fl . and will demonstrate that this structure 
can (also!) be represented as the thermodynamic identity 
TdS = dE + PdV. To this end, we will consider the 
Rindler limit (see the first ref. in 0) of such a metric, 
by which we mean that we will study the metric l|12|) near 
the horizon at r = a and bring it to the Rindler form 
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With these results, we can begin analyzing the near- 
horizon structure of the E\ equation in Lanczos-Lovelock 
gravity. Since the equation depends linearly on the terms 
y it is sufficient to analyze these terms individually. 
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This form essentially arises by using a coordinate system 
in which the level surfaces of the metric component goo 
(which vanishes on the horizon) define the spatial coordi- 
nate N. The constant k appearing in the gn term above 
can be shown to coincide with the surface gravity of the 
horizon. In this section, capitalized Latin indices corre- 
spond to the transverse coordinates on the t = constant, 
N = constant surfaces of dimension D — 2 and gab is 
the metric on these surfaces. Denoting the extrinsic cur- 
vature of these (D — 2)-surfaces by Kab, it is easy to 



On writing R? — 



l m — g^ a R l ak i, the derivative with re- 
spect to g u can be performed. Using the symme- 
tries of the alternating tensor, together with the rela- 
tion (dy r ^g)/(dg tt ) = —(l/2)y/^gg u and the fact that 
goN = 9oa — for the static Rindler metric, we find, 
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We will now show that the summations involved in the 
first term of Eq. I|25|l are cancelled by terms in effl ■ Let 

us categorize the terms that appear in Cm into those 
in which the index value t appears at least once, which 
we denote by {T}, and those in which t does not appear, 
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which we denote by {T}. Symbolically then, Cffi — 
{T} + {T}. In the case of standard Einstein gravity, 



we have 16nC[ D) = R = 2R\ 

recognizes 2R\ as {T}. Since the Einstein tensor is G\ 



R"p and one clearly 



R\ — (l/2)i?, the terms {T} in R are precisely cancelled 
t . We will now show that exactly the same feature 
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occurs in the m th Lanczos-Lovelock case. To see this, we 
construct the set {T} as follows. Focussing on the lower 
row of the alternating tensor in the expression l|18fl for 
Cm j we have 2m choices for the location of the index 
value t. Due to the symmetries of the alternating tensor 
and the Riemann tensor, each choice results in the same 
term, and we can write, 
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A comparison with Eq. (|25|l shows that the first term in 
that equation is simply (1/2){T}, and we are left with 
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Note that the set {T } is not a priori a null set since we 
have assumed D > 2m +1. To simplify the contribu- 
tion of {T}, we further split this set as follows. This set 
contains terms with exactly one occurence of the index 
value N, denoted {T, IN}, terms with two occurences 
of N, denoted {T, 2N}, and terms with no occurences 
of N, denoted {T,N}. (The total antisymmetry of the 
alternating tensor forbids more than one occurence of 
N in any row.) Each term in the set {T, 1 N} contains 
one factor of the type or ^bc> an d Eq. l|2~2"|l shows 
that these terms are O(N) and don't contribute on the 
horizon. Similarly, the set {T, 2 TV} contains one type of 
terms in which the two iV's appear in different factors 
of Rffi. These terms contain two factors each of Rffy 
or Rqq, rendering these terms 0(N 2 ). The contribution 
from {T, 2 N} reduces to the 4m identical terms in which 
both the N's appear in the same factor of R^g, and is 
given by, 
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where A%, B%, ... = y . The set {T, N} will not be a pri- 
ori a null set whenever D > 2m + 2, and its contribution 

is, 
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where Cm 2 "* will contribute only when D > 2m + 2. 
The first term of Eq. (|30|l can be simplified by noting 
the following. The alternating tensor S^ g ^'" B ^ m ~ 1 can 

be replaced by ^bIbI bIZ-I smce ^% = 1 an d ^A = ®- 
Further, due to the total antisymmetry of the alternat- 
ing tensor, each factor of ( D ~ 2 )i?p£ can be replaced by 
(2/a 2 )<5^($^,, and there are (m — 1) such factors. Putting 
everything together, we find, 
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We can further perform the summations over A\ and B\ 
and rearrange terms to obtain, 
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We have relegated the proof of Eq. (|32|l to the appendix, 
since it involves combinatorial arguments and is rather 
involved. 

We are now ready to make the connection with the 
thermodynamic identity by a procedure which is iden- 
tical to that used in the Einstcin-Hilbert and Gauss- 
Bonnet cases. We wish to multiply the E\ equation of 
motion E\ = (l/2)Tj evaluated on the horizon by the 
volume differential dV = Ar)-2aP~ 2 da and try to "read 
off" expressions for the entropy, energy, etc. We note 
that multiplying Eq. I|32[) by the coupling constant c m 
and summing over m will give 2E\ as the first term on 
the right hand side, which we can replace by T\. We 
also know that in the spherically symmetric case we have 
T\ = T; = T$ = P with P the radial pressure. The 
equation obtained after these replacements will be equiv- 
alent to the equation of motion and multiplying it with 
dV will result in the following, 
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where we have used Eq. i|22d|) and recognized the struc- 
ture of C 
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in the resulting term. Finally, using Eqs. 
and l|29|) , substituting for the near- horizon structure 
of R%% from Eq. (22J and relabelling some indices, we 
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Recognizing k/2it as the temperature T, we are forced to 
identify the quantity inside parentheses on the left hand 
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side above, as the entropy S. Noting that the alternating 
tensor that appears here contains 2m — 2 indices per row, 
and recalling the simple structure of the (D — 2) dimen- 
sional Riemann tensor from Eq. I)23|l , we can rewrite our 

entropy as S — J2 m =i w ^ tn gi ven by, 
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Note that, in our approach, which is identical to what 
we followed in the case of Einstein-Hilbert and Gauss- 
Bonnet cases, we have no choice in the expression for 
S. Remarkably enough, this is precisely the entropy of 
the horizon in Lanczos-Lovelock gravity which has been 
computed by several authors (see, e.g., the hrst ref. in 
111). 

Having identified the TdS and PdV terms in Eq. , 
we ask whether the remaining quantity can be interpreted 
as the differential of some function. Wc find that this is 
indeed the case and we have, 
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The proof of Eq. Ij35(l can be found in the appendix. This 
requires us (again we have no choice in the matter!) to 
interpret the quantity E = J2 m =i c mE( m } as the energy 
associated with the horizon; incredibly enough, we find 
that exactly this expression has been computed by other 
authors |19| as the energy of the horizon in spherically 
symmetric Lanczos-Lovelock gravity! 

Incidentally, the expression for the differential of the 
energy dE in all the cases presented here shows that this 
contribution arises from the term Cm 2 "* (which, for the 
Einstein-Hilbert case in D = 4 for example, is simply 
( 2 'R). Thus the energy associated with the horizon orig- 
inates in the transverse geometry of the horizon. 

We have therefore proved that, for the spherically sym- 
metric case, the equation of motion E\ = (l/2)T t * can be 
recast in the form 



dS =dE + PdV . 



(37) 



with the differentials being interpreted as arising due to a 
change in the radius of the horizon. In principle, the cor- 
rections to the entropy and the energy coming from the 
higher order Lanczos-Lovelock terms need not have pre- 
served the structure of the first law of thermodynamics 
apparent above in the gravitational field equations. 

We find it rather far-fetched to believe that this precise 
analogy of the field equations with the first law of ther- 
modynamics (albeit for the spherically symmetric case) 



is a mere coincidence. This feature of the field equations 
seems to point towards a deeper principle which is yet to 
be understood. 



V. DISCUSSION 

The fact that the expression for entropy (S) and en- 
ergy (E) obtained from this approach, by casting the 
equation in the form TdS = dE + PdV, matches ex- 
actly with the standard quantum field theory calcula- 
tions as in the case of Einstein-Hilbert gravity, is non- 
trivial and intriguing. However, it resonates well with 
an alternative perspective on gravity which was devel- 
oped in a series of recent papers 0, 0|. This alter- 
native paradigm views semiclassical gravity as based on 
a generic Lagrangian of the form L = Q a bcd R a bcd with 
V b Q a hcd = 0. The expansion of Q a bcd in terms of the 
derivatives of the metric tensor determines the structure 
of the theory uniquely. The zeroth order term gives the 
Einstein-Hilbert action and the first order correction is 
given by the Gauss-Bonnet action. More importantly, 
any such Lagrangian can be decomposed into a surface 
and bulk terms as y/—gL = y/—gLb u ik + L sur where 




o/^ bed-r^a 
Z Va 1 bd 



(38) 



Obviously, both L sur and Lbuik contain the same infor- 
mation in terms of Q„ and hence can always be related 
to each other [l6l |21| . It is easy to verify, for example 
[H, that 



L = -R a 



( dV c 



t)-~ bed I opa / ' ^ouik v if I apa 
z \ UL bdS \ UL bd< 

Thus the knowledge of the functional form of L sur or — 
equivalently — the V c allows us to determine Lbuik and 
even L. (The first relation also shows that {dV c / dT^ d ) 
is generally covariant in spite of the appearance.) These 
relations make the actions based on L — Q a bcd R a b c d with 
Vfc Q a bcd — intrinsically "holographic" with the surface 
term containing an equivalent information as the bulk. 
What is more, one can show that the surface term leads 
to the Wald entropy in spacetimes with horizon 0, . 
Since Lanczos-Lovelock Lagrangians have this structure, 
it is quite understandable that the semiclassical equations 
of motion have a thermodynamic interpretation. 

We can summarize the broader picture as follows: Any 
geometrical description of gravity that obeys the princi- 
ple of equivalence and is based on a nontrivial metric, will 
allow for the propagation of light rays to be affected by 
gravity. This, in turn, leads to regions of spacetimc which 
are causally inaccessible to classes of observers. (These 
two features are reasonably independent of the precise 
field equations which determine the metric). The inac- 
cessiblity of regions of spacetime leads to association of 
entropy with spacetime horizons. Such a point of view 



Lbuik = \f— 
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( dV c 



1 dk l be 
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suggests that there will exist a thermodynamic route to 
the description of gravitational dynamics in any metric 
theory which satisfies the principle of equivalence. So the 
thermodynamic interpretation of gravity, encoded in the 
identity TdS = PdV + dE, should be fairly generic and 
the semiclassical corrections to gravity — arising from 
the correct microscopic theory — should preserve the 
form of this identity (with only the expressions for S and 
E getting quantum corrections.) We have shown that 
this is indeed the case for spherically symmetric horizons 
in the Lanczos-Lovelock lagrangian. Such an interpreta- 
tion offers a new outlook towards the dynamics of gravity 
and might provide valuable clues regarding the nature of 
quantum gravity. 



union of sets Sis with 1 < j < k where S 3 ^ is the set of 
permutations 7r which map Tj to Xi, i.e., 



S 3 ={neS (k) | n(T j )=T 1 } 



(A4) 



Noting that for tt e Sly n(T 1 )=Ti, we can write, 



B\ B-2 ■ ■ ■ Bk 
T^T 2 ...T k 



E E sgn(7r)X> 



7r(Ti)7r(T 2 )...7r(T,0 
B± B 2 ... B k 



V 



(k) 



B\B 2 ...B k 
T x T 2 ...T k 



(A5) 



i=2 
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where the last line defines the quantities for 2 < 

j < k. For a particular value of j we get 

M U = 

sgn{ir)V 



Tr(T 1 )...T 1 7r(T j+1 )...w(T k ) 
B\ ...Bj -Bj + i ... B k 



V 



B\B 2 ...B k 
Ti T 2 ...T k 



(A6) 



APPENDIX A 



In this appendix we shall prove equations (|32[l and (|35ll . 
In order to prove Eq. I|32[l . it is sufficient to show that, 



jT!T 2 ...T fc 

B\B 2 ...By 

= (D-(k- 
= (D-(k 



Orp Orp 



i)) 

l))A (fc _i), 



B-2 xBs 



5% 2 S, 



(Al) 



with k = 2m — 1, and the indices T±,Bi, etc. ranging 
over the (D — 2) values 2, 3. ..(D — 1). Having proved 
this, a simple rearrangement of terms in Eq. Il.'illl leads 
to Eq. I|32l) . We will prove this result for a general k since 
it will come in handy when proving Eq. (|35[l . To simplify 
notation we introduce the following symbol for a single 
product of Kronccker delta's, 



V 



TiT 2 -T h 
B\B 2 ...B k 



*bM- 



(A2) 



The alternating tensor is normalized to take values 0, 1 
and —1. In practice, this can be done by antisymmetriz- 
ing only the upper row of indices and we can write, 



5 T x T 2 ...T k 
B\B 2 ...B k 



Y sgn(7r)X> 



ttES,, 



B\ B2 ■ 



r(T fc ) 
B k 



where Sr^) is the set of permutations of k objects and 
sgn(7r) denotes the signature of the permutation tt. Our 
goal is to perform the summations over the indices T\ 
and B\ in the quantity A( fc ) defined in ijAlfl . To simplify 
this computation, we can split up the set S(k) as the 



where we have set ir{Tj) = T\. We now have a simple 
product of Kronecker delta's for each tt £ S 3 ,^ with Ti 
and B\ appearing explicitly. Performing the summations 
over T\ and B\ reduces this to, 



Y sgn(7r)D 



' 7 r(T 1 )... 7 r(T,_ 1 ) 7r (T J + 1 )...7r(T fc ) 
B 3 ...Bj-i Bj + i ... B k 



v 



B 2 ...B k 
T 2 ...T k 



7T&S , 



(A7) 



From the definition of S, k \ 



for each tt G S 3 ^ , 



the ordered 

set 7>, = {7r(Ti) > 7r(r 2 )...,7r(T 3 -_i) > 7r(T i+ i),... > 7r(r it )} 
is simply a rearrangement of the ordered set V = 
{T2, T3, Tj-, Tfe}. Hence there exists a one-to-one 
mapping between Sl^ and the set S^-i) °f permu- 
tations of (k — 1) objects. We would like to replace 
the summation „< by the summation V"* - _ c 

To ensure that each term in the summation retains its 
correct signature after this replacement, we must in- 
troduce an overall factor of sgn(Cj), which is the sig- 
nature of the permutation Cj G Sl-^ that is mapped 
to the identity of S( k _iy It is easy to see that this 
permutation is the semicyclic rearrangement given by 
(A3) {Ti,T 2 , ...,Tj, ...,T k } {T 2 ,T 3 ,...,T J ,Ti,T j+ i...,T k }, 



which has signature (— We can write, 
M j fu \ = (-1) J+1 : 



E 

7reS(fe_i) 



sgn(7r)T> 



5r(T 2 )...7r(Tj)#(Tj + i)...7r(T fe ) 
Bj ...Bj—i -Bj+i ... B k 



V 



B 2 ...B k 

T 2 ...T k 



(A8) 
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The order of the first j indices in the lower row of the first 
factor of V in (|A8I) is not in the standard form. To get 
B 2 below 7r(T 2 ) and so on, we simply perform the cyclic 
permutation {B } , B 2 , -Bj-i} — > {B 2 , B 3 , ...Bj-i, Bj}, 
with the other indices left untouched. This can be done 
since permutations of the upper indices in the alternat- 
ing tensor are equivalent to those of the lower indices 
|22| . The permutation introduces afactor of (—1)-', which 
combines with the (— in i|A8(l to give an overall fac- 
tor of (—1). We now find that, 



7r£.S(fe_i) 



sgn(7f)r> 



7T(T 2 )...#(T fc ) 
B 2 ... Bk 



V 



B 2 ...Bk 

Tn.,.T k 



-A 



(fe-1) 



(A9) 



independent of j. Since there are (fc— 1) such terms, (IA5 
gives us the required result, namely, 



A (k) = (D-(k + l))A {k _ 1} . 



(A10) 



Setting k = 2m — 1 completes the proof of Eq. 1)32(1 . The 
result in lAlOfl also allows us to prove Eq. i|35|) in the fol- 
lowing way. Using arguments similar to those presented 



below Eq. (|30(l and evaluating all quantities on the hori- 
zon, the left hand side of Eq. (|35|l for a single value of m 
can be expanded to give, 





-2 C (D 
m 




a D - 2 


16tt 


2 m 


— A D _ 
16tt 




Cm . 
1D7T 




16tt ° 


2^ 



cA 1 A 2 ...A 2m \ (D-2)r>B 1 B 2 
°B 1 B 2 ...B 2m i It A 1 A 2 ■■■ 



^(2m) 



V 



Bi B 2 . ..B 2n 
A±A 2 ...A 2 „ 



\D- (2m +1)) A 



(2m-l) 
2 in 



16tt 
dE, 



-A 



D-2a 



D-(2m+2) 



(D-(2m + l))l[(D-j) 



J=2 



(m) 



da 



(All) 



where we have recursively used (| A10p> to obtain the last 
but one equality, and used Eq. I|3rj|) in writing the last 
equality. This completes the proof of Eq. (|35[) . and con- 
sequently of the result Eq. 1371) . 
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